Abstract. We study naturality of the Euler and Helmholtz operators arising in the variational calculus in fibered manifolds with oriented bases.
for fibered manifolds p : Y → M . They deduced that all natural operators of this type are of the form cH, c ∈ R, provided s = 1, 2. In [4] , we extended this result to all s.
In the present paper, for a fibered manifold p : Y → M with oriented basis, we study the naturality of the Euler operator
given by E(η, λ) ⊗ η = E(λ ⊗ η) for any η ∈ Vol + (M ) and λ ∈ C ∞ (J s Y, R), where Vol + (M ) is the set of all positive volume forms on M . We also study, for fibered manifolds p : Y → M with oriented bases, the naturality of the Helmholtz operator
The first main result of the present paper is 
is a natural R-linear operator, then (similarly to E) one can define the corresponding natural operator C : Vol
, R-linear in the second factor and homogeneous of weight zero in the first factor. Using Theorem 1, we see that C = c E, and we recover the above mentioned result of [1] in the case of R-linear operators. The inverse construction of C from C is impossible because we have no canonical surjection C
is not a consequence of the result of [1] .
The second main result of the present paper is
R-linear in the second factor and homogeneous with weight 0 in the first factor , is of the form c H, c ∈ R.
Remark 4. Theorem 2 without the assumption of linearity does not hold. For, we have a natural operator H 0 non-linear in the second factor given by 
Then by naturality D is uniquely determined by the evaluations
. By the R-linearity in the second factor of D and by Corollary 19.8 in [1] we see that D is determined by the values
where (x i , y for τ i > 0 and using the R-linearity in the second factor and the homogeneity of weight 0 in the first factor of D we get (2)) we see that
Continuing this process we see that
Summing up, D is determined by the value
Thus the vector space of all D in question is of dimension less than or equal to 1. Hence D = c E for some c ∈ R.
Proof of Theorem 2. Let D be an operator in question. Let Θ be as in the proof of Theorem 1. 
As in that proof, D is uniquely determined by
Then by the second factor linearity of D and by Corollary 19.8 in [2] of the Peetre theorem,
is determined by the values for τ i > 0 and the first factor 0-weight homogeneity of D we get 
Then for any m-tuple α with |α| ≤ s we have
By the same arguments (since ψ sends dy 2 to dy Therefore the vector space of all D in question is of dimension less than or equal to 1. Hence D = c H for some c ∈ R.
